Quantum Recursion and Second
Quantisation

Mingsheng Ying

University of Technology Sydney, Australia
and
Tsinghua University, China



Outline

1. Introduction

2. Quantum Case Statement

[6V]

. Syntax of Quantum Recursive Programs

B

. Recursive Quantum Walks

Q1

. Second Quantisation

N

. Solving Recursive Equations in Free Fock Space

N

. Quantum Recursion in Boson and Fermion Fock Spaces

8. Conclusion



Outline

1. Introduction



Recursion is one of the central ideas of computer
science!



Recursion is one of the central ideas of computer
science!

Classical Recursion of Quantum Programs

» Recursive procedure in quantum programming language QPL
[Selinger, Mathematical Structures in Computer Science’2004].

» Quantum while-loops [Ying, Feng, Acta Informatica’2010].



Recursion is one of the central ideas of computer
science!

Classical Recursion of Quantum Programs

» Recursive procedure in quantum programming language QPL
[Selinger, Mathematical Structures in Computer Science’2004].

» Quantum while-loops [Ying, Feng, Acta Informatica’2010].

» “Quantum data, classical control” [Selinger]:

The control flow of quantum recursions is classical: branchings
are determined by the outcomes of quantum measurements.



Recursion is one of the central ideas of computer
science!

Classical Recursion of Quantum Programs

» Recursive procedure in quantum programming language QPL
[Selinger, Mathematical Structures in Computer Science’2004].

» Quantum while-loops [Ying, Feng, Acta Informatica’2010].

» “Quantum data, classical control” [Selinger]:

The control flow of quantum recursions is classical: branchings
are determined by the outcomes of quantum measurements.

» Example:
while M[g] =1do S od
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2. Quantum Case Statement
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How to define quantum control flow?

» “Quantum data, quantum control” [Altenkirch and Grattage,
LICS"2005]

» “Coined” quantum case statement [Ying, Foundations of Quantum
Programming, Morgan Kaufmann 2016]

Quantum Case Statement

» Classical Case Statement:
if b then S else S, fi
» Classical Case Statement in Quantum Programming;:

if M[g) =0 — S;
] 1—5;
fi
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Quantum Case Statement

» Introduce external quantum coin ¢: H, = span{|0), |1) }
» Up, Uy unitary operators on quantum system g: H,
» Quantum case statement employing coin c:

qif [c] [0) — Uolq]
o[1) = Uiq]
fiq
» Semantics: unitary operator U in H, ® Hy:

ujo, ) = [0)Uol),  U[L, ) = [1)LL[¢)
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Quantum Choice

» V a unitary operator in H,.
» Quantum choice of Uy[q], Uy [q] with coin-tossing Vc]:

Uolg] Byig Uilg] € VIel; qif [] [0) — Uolg]

o [1) — Ulq]
fiq
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External Quantum Coin

» Superpositions of time evolutions of a quantum system
[Aharonov, Anandan, Popescu, Vaidman, Plysical Review Letters
1990].

» Quantum walks [Ambainis, Bach, Nayak, Vishwanath, Watrous,
STOC2001; Aharonov, Ambainis, Kempe, Vazirani, STOC"2001].

Quantum walk

» One-dimensional random walk - a particle moves on a line
marked by integers Z; at each step it moves one position left or
right, depending on the flip of a fair coin.

» Hadamard walk - a quantum variant.
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Quantum walk

> Hilbert space Hy @ Hp.

» "4 =span{|L),|R)}, L,R — direction Left and Right.

> Hp = span{|n) : n € Z}, n — the position marked by integer n.
» One step of Hadamard walk:

W=TH®I)

> Translation T: unitary operator in Hy ® Hp
T|IL,n) =|L,n—1), T|R,n)=|R,n+1)

» Hadamard transform
1 1 1
-1 4)

» Hadamard walk — repeated applications of operator W.
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Look quantum walk in a new way!
> Define left and right translation T and Tg in space H:
Tpln) = |n—1),  Tg|n) = |n+1)
» Translation operator T is a quantum case statement:

T = qif [d] |L) = Ti[p]
0 [R) = Trp]
fiq
» Single-step walk operator W is a quantum choice:

Tip] ®ma Trlp]
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3. Syntax of Quantum Recursive Programs
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Quantum recursion with quantum control flow can be
defined based on quantum case statement

A Quantum Programming Language

Alphabet:
» Two sets of quantum variables:
1. principal system variables p, g, ...;
2. coin variables ¢, d, ....
» A set of procedure identifiers X, Xj, X, ....

Syntax

P ::= X |abort | skip | U[g,c] | P1; P2 | qif [c](oi - |i) — P;) fiq
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“Superposition of Programs”

» Quantum choice first runs a coin-tossing subprogram P followed
by an alternation of a family of subprograms Py, Py, ....

» Coin-tossing subprogram P creates a superposition of the
execution paths of Py, Py, ...,



Quantum choice

P(c)] €D (li) — P;) £ P; qif [c] (oi - |i) — P;) end.

i

“Superposition of Programs”

» Quantum choice first runs a coin-tossing subprogram P followed
by an alternation of a family of subprograms Py, Py, ....

» Coin-tossing subprogram P creates a superposition of the
execution paths of Py, Py, ...,

» During the execution of the alternation, each P; is running along
its own path, but the whole program is executed in a
superposition of execution paths of Py, Py, ....
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Semantics of quantum programs without recursion

» H — Hilbert space of the principal system.

» Semantics [P] of a program P without procedure identifiers:
. If P = abort, then [P] = 0 (the zero operator in H);

. If P = skip, then [P]| = I (the identity operator in H);

. If P = U[g,¢], then [P] = U;

. If P = Py; Py, then [P] = [P,] - [P1];

W N =



Semantics of quantum programs without recursion

» ‘H — Hilbert space of the principal system.

» Semantics [P] of a program P without procedure identifiers:

Gl W=

If P = abort, then [P] = 0 (the zero operator in H);
If P = skip, then [P] = I (the identity operator in H);
If P = U[g,¢], then [P] = U;

If P = Py; Py, then [P] = [P,] - [P1];

If P = qif [c](qi- |i) — P;) fiq, then

[P1 = o;(li) — [P1) = Y (|) (i @ [P1) -

i



Quantum recursive programs

» Let Xy, ..., X be different procedure identifiers. A declaration for
X1, ..., Xm is a system of equations:

where P; = P;[X3, ..., X;u] contains at most procedure identifiers
Xl, ceey Xm .



Quantum recursive programs

» Let Xy, ..., X be different procedure identifiers. A declaration for
X1, ..., Xm is a system of equations:

where P; = P;[X3, ..., X;u] contains at most procedure identifiers
Xl, ceey Xm .

» A recursive program consists of a main statement
P = P[X3, ..., Xj] and a declaration S for X, ..., Xp,.

Question: How to define semantics of quantum recursive
programs?
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4. Recursive Quantum Walks
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quantum case statement:
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Recursive Hadamard Walk

» The walk first runs coin-tossing operator H[d] and then a
quantum case statement:

» if coin d is in state |L) then the walker moves one position left,
followed by a procedure behaving as the recursive walk itself;

> if d is in state |R) then it moves one position right, also followed by
a procedure behaving as the recursive walk itself.

» Program X declared by the recursive equation:

X <= (TLlp); X) ©npa) (Tr[p) X)

» A variant declared by system of recursive equations:

{X < Tilp] @i (Trlp)Y),
Y <= (TL[p]; X) Supa Trlp]



More Interesting Recursive Hardamard Walk

» Letn > 2. Program declared by recursive equation:

X <= ((TLlp); X) @i (Tr[p); X)); (Tilp] Snpa) Tr[P)"

(X, |L}4[0),) = -
- 21ﬁ[<x, L)l = 3)p) + (X, [R)g] — 1))
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More Interesting Recursive Hardamard Walk

» Letn > 2. Program declared by recursive equation:

X <= ((TLlp); X) @i (Tr[p); X)); (Tilp] Snpa) Tr[P)"

(X, |L)al0)p) —

- 21ﬁ[<x, L)l = 3)p) + (X, [R)g] — 1))
+ (%, [L)al = 1)p) — (X, [R)al1)y)
+ (%, 1)l = 1)) + (X, [R)a|1)y)

1

)
p
— (X |L)al1)p) + (X, IR)4l3)p)

» Configurations —(X, |R)4/1),) and (X, |R)4|1),) cancel one
another.

Question: how to solve quantum recursive equations?
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Syntactic Approximation

» Recursive program X declared by equation
X < F(X)
» Syntactic approximations:

X©) = Abort,
X+ = F[x") /X] for n > 0.

X is the nth syntactic approximation of X.
» Semantics [X] of X is the limit:

[X] = lim [X™]
n—oo
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Example - Recursive Hadamard Walk

X = abort,

XU =Ty [p] @y (Tr[p); abort),

X2 = Ty [p] @) (Tr[p); TLlp] ©pja,) (Tr[p); abort)),

X =Ty [p] ©pya (TRIP) TLIP] ©11ay) (TRIP) TLIP) Bajay) (Tr[p); abort))),

Observation

» Continuously introduce new “coin” to avoid variable conflict.
» Variables d,d,d», ... denote identical particles.

» The number of coin particles needed in running recursive walk is
unknown beforehand.

» We need to deal with quantum systems where the number of particles
of the same type may vary.
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5. Second Quantisation
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» The principle of symmetrisation: the states of n identical
particles are either completely symmetric or completely
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Fock Spaces

» The principle of symmetrisation: the states of n identical
particles are either completely symmetric or completely
antisymmetric with respect to the permutations of the particles.
[ bosons - symmetric; fermions - antisymmetric]

» ‘H — the Hilbert space of one particle.

» For each permutation 7 of 1, ..., 11, define operator P in HEM,

Pr|$1 ® ... @ Pn) = [Pr(1) ® - @ Prr(n))

» Define symmetrisation and antisymmetrisation operators in
HE:
1

1 T
s+:H;Pm S- = n(—1) Pr
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Fock Spaces
v = + for bosons, v = — for fermions.
» Write
|1/J1, vy 1/Jn>v = Sv\l/Jl R..® IlJn>

» State spaces of n bosons and fermions:

HE" = Sy HO™ = span{ |1, ..., Yu)o : [P1), ..., |y) are in H}

v

Vacuum state |0)

’H?O = H®0 = span{|0) }

v

Space of the states of variable particle number is Fock space:

fv(H) = Z Hg@n
n=0

v

Free Fock space:

F(H) = i HE"
n=0
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Evolution Fock Spaces

» Evolution of one particle: unitary operator U.

» Evolution of n particles without mutual interactions: operator U
in HO™:
Ul @ .. @ ) = [Up1 @ ... @ Utn)

» Symmetrisation:

U1, - Yn)o = [Uty, ..Uy )o.
» Extend to Fock spaces F;,(H) and F(H):

U (i@ |‘1f<n>>> - io Ul¥ (n)
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Creation and Annihilation of Particles

» Transitions between states of different particle numbers.
» Creation operator a* () in Fy(H):

ﬂ* (l)b) |17b1/ e lP?’l>U = \/mhp/ lplr ceey ¢n>v

Add a particle in individual state |¢p) to the system of n particles
without modifying their respective states.

» Annihilation operator a(y) — Hermitian conjugate of a*():
a(¥)[0) =0,
n

a(y) |1, .., Z Y THPIYNP1, oo Yim 1 Pig 1, o P

:1

Decrease the number of particles by one unit, while preserving
the symmetry of state.
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6. Solving Recursive Equations in Free Fock Space
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Second quantisation provides us with necessary tools for
defining semantics of quantum recursions!

A domain of operators in free Fock space

» ‘H and K — two Hilbert spaces
» F(H) — free Fock space over H.
» O(F(H) ® K) — the set of all operators of the form

where A(n) is an operator in H®" ® K.
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Order and Operations on O(F(H) ® K)
» Flatorder: A=Y (A(n),B=Y,",B(n)
» A C Bif and only if
> either foralln > 0, A(n) = B(n), or

> there exists an integer 1 such that A(n) = B(n) forall0 < n < ng and
A(n) = 0forall n > ny.

» Product:

A-B= i (A(n) -B(n)).

» Guarded composition:

o; ([)) — Aj) = i (E(Iiﬂil ®Ai<”))> :
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Notation
» C — the set of quantum coins inP = P[Xj, ..., Xpu].
» He = Qcec He, where H, is the Hilbert space of coin c.

» The principal system of P is the composition of the systems
denoted by principal variables in P.

» ‘H — the Hilbert space of the principal system.



Semantic functional
Semantic functional of program scheme P:

[P]: O(F(Hc) @H)" — O(F(He) @ H).
Forany Ay, ..., Ay, € O(F(Hc) @ H),

is inductively defined:

» If P = abort, then [P] (A1, ..., Ay) is the zero operator
A = Y2 o A(n) with A(n) = 0 (the zero operator in HZ" @ H);
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Semantic functional
Semantic functional of program scheme P:

[P]: O(F(Hc) @H)" — O(F(He) @ H).
Forany Ay, ..., Ay, € O(F(Hc) @ H),

is inductively defined:

» If P = abort, then [P] (A1, ..., Ay) is the zero operator
A = Y2 o A(n) with A(n) = 0 (the zero operator in HZ" @ H);

» If P = skip, then [P](Ay, ..., Ay) is the identity operator
A=Y ,A(n) with A(n) = I (the identity operator in
HE @ H);

» If P = UJg,¢], then [P](Ay, ..., Ay) is the cylindrical extension of
U A=Y An) withA(n) =U®L ® I, ® I3, where I is the
identity operator in the Hilbert space of those coins notin¢, I is
the identity operator in "H?(n_l), and I3 is the identity operator
in the Hilbert space of those principal variables not in g;



Semantic functional
» IfP = X] (1 S] < m), then [[P]](Al,,Am) = A]',‘
If P = Pq; P5, then

[P1(A1, ..., Am) = [P2l(Aq, ..., Apr) - [P11(A1, oo Am);

If P = qif [c](0i - |i) — P;) fiq, then

[PI(A1, ..., Ap) = 0; (|i) = [PI(A1, ..., Ap)) .



Theorem — Continuity of Semantic Functionals

Semantic functional
[P1: (O(F(Hc) @H)",E) = (O(F(Hc) @ H),E)

is continuous.



Creation functional
» Creation functional
C:O(F(Hc)®@H) — O(F(Hc) @H)
is defined: forany A = Y7 ; A(n),

C(A) = i (I®A(n))

n=0

where I is the identity operator in Hc.



Creation functional

» Creation functional
C:O(F(Hc)®@H) — O(F(Hc) @H)
is defined: forany A = Y7 ; A(n),

oo

C(A) = Z (I®A(n))

n=0

where I is the identity operator in Hc.

» Intuition — creation functional C moves all coins ¢y, ¢1, c3, ... one
position to the right so that ¢; becomes ¢; 1 foralli =0,1,2, ....
Thus, a new position is created at the left end for a new coin ¢g.

Lemma — Continuity of Creation Functional

Creation functional
C:(O(F(Hc)®H),C) = (O(F(He) @H),C)

is continuous.



Corollary
P = P[Xj, ..., X;u] a program scheme. Define:

(C®™ o [P1)(A1, ..., Am) = [PI(C(A1), ..., C(A)).
Then functional
COM o [P] : (O(F(Hc) @ H)S™,C) — (O(F(He) @ H),C)

is continuous.



Corollary
P = P[Xj, ..., X;u] a program scheme. Define:

(CE™ o [P1)(A1, ., A) = [P1(C(A1), ..., C(Am)).
Then functional
COM o [P]: (O(F(He) @ H)®™,C) — (O(F(Hce) @ H),E)
is continuous.

Notation

» Consider a recursive program P declared by system of recursive
equations:
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(C™ o [Pm]) (A1, ..., Am))



Notation

» System S of recursive equations induces semantic functional:

[S1: O(F(Hc) @ H)®™ — O(F(He) @ H)™,
[ST(A1, ..., Ap) = ((C" o [P11)(Aq, ..., Am), ...,
(C™ o [Pm]) (A1, ..., Am))

» Semantical functional
[S]: (O(F(Hc)® ’H)®m, C)— (O(F(He) @H)™, E)

is continuous.
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» Knaster-Tarski Fixed Point Theorem: [S] has the least fixed point
ulSI.



Fixed point semantics
» Knaster-Tarski Fixed Point Theorem: [S] has the least fixed point
ullS1.

Definition
The fixed point semantics of recursive program P declared by S:

[Plsx = [PI(A], ..., A}) € O(F(Hc) @ H)
where u[[S] = (A}, ... A},).



Theorem — Equivalence of Denotational Semantics and
Operational Semantics

1. For each k, {[[X,En)]]}fzo is an increasing chain and
o)y A . ~
1671 = Jim 1,1 = [ 1"
n=0

exists in O(F (Hc) @ H).



Theorem — Equivalence of Denotational Semantics and
Operational Semantics

1. For each k, {[[X,En)]]}fzo is an increasing chain and
o)y A . ~
1671 = Jim 1,1 = [ 1"
n=0

exists in O(F (Hc) @ H).

2. (|[X§°°)]], e |[X£n°°)]]) = u[[S] is the least fixed point of semantic
functional [[S].



Outline

7. Quantum Recursion in Boson and Fermion Fock Spaces
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Solutions of recursive equations in Boson/Fermion Fock
space

Symmetrisation/anti-symmetrisation of the solutions of recursive
equations in free Fock space!
Principal System Semantics

» Each state |¥) in Fock space F,(H;) induces mapping:

[X, Y1, : pure states — partial density operators in H,
X, ¥Tp(19)) = tr7(3¢,) (|PH(P])

where |®) = [X](|¥) ® |¢))

» Principal system semantics of X with coin initialisation |'¥):
mapping [X, ‘I’]]p.



Example — Recursive Quantum Walk

{X < Tilp] ®u (TrIPLY),
Y <= (TL[pl; X) ®npa) Trp]

» Coherent state of bosons in Boson Fock space F (H):

R G ) Py

|
=0 n:



Example — Recursive Quantum Walk

{X < Tilp] ®u (TrIPLY),
Y <= (TL[pl; X) ®npa) Trp]

» Coherent state of bosons in Boson Fock space F (H):

5 e,

n!

¥)eon = xp (5 (v1#) )

n=0

» The walk starts from position 0 and the coins are initialised in
the coherent states of bosons corresponding to |L):

(Z | D1 +k=2022,3+2|z><2|>

k=0

X, Lcoh]]p(‘0>) =

(GI-ve-1+320).

S= Sl-
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Problem:s:

» What kind of problems can be solved more conveniently by
using quantum recursion?

» Hoare logic for quantum while-loops defined using quantum
coins?

» Hoare logic for quantum while-programs with classical controls
[Ying, TOPLAS"2011]

» What kind of physical systems can be used to implement

quantum recursion?



Thank You!
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